At the exceptional point where two eigenstates coalesce in open quantum systems, the usual diagonalization scheme breaks down and the Hamiltonian can only be reduced to Jordan block form. Most of the studies on the exceptional point appearing in the literature introduce a phenomenological effective Hamiltonian that essentially reduces the problem to that of a finite non-Hermitian matrix for which it is straightforward to obtain the Jordan form. In this paper, we demonstrate how the microscopic total Hamiltonian of an open quantum system reduces to Jordan block form at an exceptional point in an exact manner that treats the continuum without any approximation by extending the problem to include eigenstates with complex eigenvalues that reside outside the Hilbert space. Our method relies on the Brillouin-Wigner-Feshbach projection method according to which we can obtain a finite dimensional effective Hamiltonian that shares the discrete sector of the spectrum with the total Hamiltonian. Because of the eigenvalue dependence of the effective Hamiltonian due to the dynamical nature of the coupling between the discrete states via the continuum states, a coalescence of eigenvalues results in the coalescence of the corresponding eigenvectors of the total Hamiltonian, which means that the system is at an exceptional point. We also introduce an extended Jordan form basis away from the exceptional point, which provides an alternative way to obtain the Jordan block at an exceptional point. The extended Jordan block connects continuously to the Jordan block exactly at the exceptional point implying that the observable quantities are continuous at the exceptional point.
I. INTRODUCTION
While in the traditional formulation of quantum mechanics the generator of time evolution is required to be Hermitian, in recent years many researchers have found that nonHermitian operators may be useful in a variety of physical circumstances. [1] [2] [3] [4] [5] [6] [7] Besides the fact that eigenvalues of a non-Hermitian operator can be complex, another remarkable property of non-Hermitian operators compared with Hermitian operators is that eigenvalues and eigenstates show bifurcation and accompanying non-analyticity with regard to parameter dependence. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] A point in the parameter space where this kind of bifurcation takes place is called an exceptional point. 18 At an exceptional point a non-Hermitian degeneracy occurs, meaning that not only the eigenvalues but also the eigenvectors coalesce, and as a result the usual spectral decomposition of the operator fails to hold. [20] [21] [22] [23] [24] [25] [26] The occurrence of nonHermitian degeneracy is generic for non-Hermitian operators in the sense of the following theorem 18, 27 : If S 0 and S 1 are Hermitian and do not commute, then there exists at least one complex value of λ for which S = S 0 + λS 1 is not diagonalizable. It is well-known that when a finite dimensional matrix is non-diagonalizable it can only be reduced to Jordan normal form.
28-30
In open quantum systems, the system properties are often described in terms of a phenomenologically obtained finite-dimensional non-Hermitian matrix. [31] [32] [33] [34] At the exceptional point, this matrix is non-diagonalizable and thus takes Jordan block form. However, the description with this kind of phenomenological Hamiltonian is only approximate, and the purpose of this paper is to give an exact description of the exceptional point in open quantum systems including continuous spectra. The coupling between discrete states via the continuum states may lead to coalescence of discrete eigenstates, while direct coupling always leads to level repulsion.
Generally, the microscopic Hamiltonian for open quantum systems is apparently Hermitian, meaning that it is Hermitian in the Hilbert space, but implicitly non-Hermitian in the sense that it may have complex eigenvalues outside of the Hilbert space. [36] [37] [38] [39] Hence we can express the Hamiltonian in an extended Hilbert space in which spectral decomposition and resolution of unity can be written in terms of dual eigenvectors that satisfy biorthonormality and bicompleteness, except at exceptional points; in this manner the non-Hermitian nature of the system becomes explicit, because the total Hamiltonian is represented by a non-Hermitian matrix in a subspace associated with the discrete sector of the spectrum. The purpose of the present paper is to show that the total Hamiltonian for an open quantum system at an exceptional point can be represented by a Jordan block in a subspace outside of the Hilbert space by introducing pseudo-eigenvectors in addition to eigenvectors as basis vectors. For simplicity we restrict ourselves to the most common case of exceptional points at which two eigenstates coalesce (EP2). 32, 35, 40 Our formalism can be generalized to higher order exceptional points in a natural way.
We develop our theory on the basis of the Brillouin-Wigner-Feshbach projection method.
33,34,41-46
We divide the system into two subsystems: one of which consists of a finite number of discrete states and the other of which is made of continuum states. In this formalism the eigenvalue problem of the total Hamiltonian for the discrete eigenvalues is reduced to the eigenvalue problem of an effective Hamiltonian in the finite-dimensional subspace of discrete states. The distinguishing feature of this effective non-Hermitian Hamiltonian compared with the phenomenological effective Hamiltonian mentioned above is that it depends on the eigenvalue. In this sense the eigenvalue problem of the effective Hamiltonian is said to be non-linear. This feature reflects the dynamical nature of the coupling between the discrete states via the continuum states. The effective Hamiltonian shares the discrete sector of the spectrum with the total Hamiltonian, and the eigenvector of the total Hamiltonian is uniquely determined from an eigenvector of the effective Hamiltonian. As a consequence, coalescence of the eigenstates of the total Hamiltonian at an exceptional point can be understood in terms of the effective Hamiltonian as follows: When two eigenvalues coalesce, the corresponding eigenvectors of the effective Hamiltonian also coalesce simply because the corresponding effective Hamiltonian matrices each of which is assigned one of the coalescing eigenvalues become the same. From a coalescence of eigenvectors of the effective Hamiltonian follows a coalescence of eigenvectors of the total Hamiltonian. What happens at an exceptional point in terms of the effective Hamiltonian is that each eigenvector of the effective Hamiltonian matrix that is assigned one of the bifurcated eigenvalues coalesces with an eigenvector of the other effective Hamiltonian matrix that is assigned the other of the eigenvalues; it is not that two eigenvectors of a single effective Hamiltonian matrix coalesce. In this sense, an exceptional point of the total Hamiltonian is not an exceptional point of the effective Hamiltonian. Therefore, the effective Hamiltonian matrix does not have a Jordan block at an exceptional point of the total Hamiltonian, in contrast to the case of the phenomenological effective Hamiltonian without dependence on the eigenvalue.
The present authors discussed in a separate paper 55 that it is essential to take account of the eigenvalue dependence of the effective Hamiltonian in order to reveal the true nature of the time-symmetry breaking phase transition in open quantum systems. A time-symmetry breaking phase transition occurs at an exceptional point at which a pair of real eigenvalues coalesce before forming a complex conjugate pair. This kind of transition takes place also with a phenomenological effective Hamiltonian, for example, a parity-time (PT ) symmetric Hamiltonian. [50] [51] [52] [53] Eigenvalues of a PT -symmetric non-Hermitian Hamiltonian are real in the PT -symmetric phase, as a result of balanced energy gain and loss. A PT -symmetric Hamiltonian may show PT -symmetry breaking at an exceptional point where a pair of real eigenvalues turns into a complex conjugate pair. However, in this case some parts of the system already break time-reversal symmetry even in the PT -symmetric phase. In this sense the PT -symmetry breaking is an effective breaking of the balance between gain and loss, and should be distinguished from a genuine time-reversal symmetry breaking as a result of time ordering of dynamical processes. 38 In any case, PT -symmetry in a phenomenological effective Hamiltonian is an emergent property of open quantum systems with infinite degrees of freedom resulting from some approximation. In particular, gain and loss can be balanced at best only on average in a quantum system.
54
Recently, Hashimoto et al. 40 pointed out that even away from exceptional points an operator can be represented in terms of an extended Jordan block basis that approaches continuously to the Jordan block at an exceptional point. This extension of the Jordan block was carried out using finite dimensional matrices with no eigenvalue dependence. In the present paper, we generalize the Jordan block further by extending it to describe the coalescence of the eigenvectors of the total Hamiltonian of open quantum systems without introducing any approximation. This extension serves as an alternative way to obtain the Jordan basis at the exceptional point, and it reveals the way in which the pseudo-eigenvector emerges out of the coalescing eigenvectors. Moreover, the continuous representation of the Hamiltonian emphasizes that the observable quantities are continuous at the exceptional point.
This paper is organized as follows: In Sec. II, we formulate the complex eigenvalue problem of the total Hamiltonian for open quantum systems in terms of the Brillouin-WignerFeshbach formalism. In Sec. III, the notion of the exceptional point is introduced. In Sec. IV, we show how to obtain the dual pseudo-eigenvectors, which together with the dual eigenvectors comprise the Jordan basis at an exceptional point. In Sec. V, we introduce the extended Jordan basis away from an exceptional point, and describe how the extended Jordan block approaches the Jordan block exactly at the exceptional point. Finally, we give concluding remarks in Sec. VI. In Appendix A, we illustrate with simple examples how to construct the Jordan basis at an exceptional point in the Brillouin-Wigner-Feshbach projection method. In Appendix B, we introduce the Puiseux series, 18, 27, [58] [59] [60] which is a fractional power expansion of the eigenvalues and the eigenvectors around an exceptional point. This expansion is used in Sec. V to describe the limiting behavior of the extended Jordan basis as the system approaches the exceptional point. Appendix C supplement the treatment given in Sec. IV. In Appendix D, as a complement to Sec. V, we describe how to obtain the extended Jordan basis in terms of the Brillouin-Wigner-Feshbach formalism.
II. COMPLEX EIGENVALUE PROBLEM OF THE HAMILTONIAN ON THE BASIS OF THE BRILLOUIN-WIGNER-FESHBACH FORMALISM
In this section, we present a review of the complex eigenvalue problem 30,37-39 of the Hamiltonian for open quantum systems on the basis of the Brillouin-Wigner-Feshbach projection method. 33, 34, [41] [42] [43] 45, 46 We study the quantum dynamics of a single particle with the Hamiltonian of the form
where H 0d denotes the Hamiltonian in a finite N -dimensional subspace, which is embedded in an infinite dimensional space with continuous spectra represented by the Hamiltonian H 0c , and V is the coupling between the states in the two subspaces. We assume that the Hamiltonian is Hermitian in the Hilbert space. The finite dimensional subspace consists of spatially localized discrete states such as states in a quantum dot or an impurity. A discrete state with energy in the continuous spectrum typically decays and results in a resonance state of the total Hamiltonian with a complex eigenvalue.
We consider the complex eigenvalue problem of the Hamiltonian H in the extended Hilbert space,
where |φ j and φ j | are the right-and left-eigenstates (the eigenket and eigenbra vectors) of H with a common complex eigenvalue z j . In the complex eigenvalue problem, the lefteigenstate is distinct from the Hermitian conjugate of the right-eigenstate with the same eigenvalue. 37, 38 Therefore we denote the left-eigenvector with a tilde in order to distinguish it from the Hermitian conjugate of a right-eigenstate. We can impose the biorthonormality condition on the eigenstates of the Hamiltonian, i.e.
for eigenstates with discrete eigenvalues, except at exceptional points [see (17) ]. Note that the inner product of an eigenvector with a complex eigenvalue and its Hermitian conjugate vanishes.
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We now apply the Brillouin-Wigner-Feshbach projection method to the complex eigenvalue equations. Let us introduce the projection operator P , which projects a state into the N -dimensional subspace associated with H 0d , and its complement Q ≡ 1 − P . They satisfy the following relations:
and thus,
We assume also that P V P = 0; otherwise we redefine H 0 to include P V P . Applying both projection operators to (3a), we obtain a set of equations for the P -and Q-components of an eigenket:
From the second equation (8b) we have
Substituting (9) into (8a), we obtain
where H eff (z) is the effective Hamiltonian defined by
with the self-energy operator Σ(z) given by
The operators in the P -subspace, P H 0 P, Σ(z) and H eff (z), are represented by N × N matrices. The operator Σ(z) is a function of a complex variable z analytically continued into the second Riemann sheet of the complex energy plane through the cuts on the real axis due to the continuous spectra of H 0c . As a result of the resonance with the continuous spectra, the effective Hamiltonian becomes non-Hermitian and the eigenvalues can be complex. Explicit expressions for the effective Hamiltonian and the self-energy are demonstrated in Appendix A. The eigenvalue problem of the total Hamiltonian in the discrete sector of the spectrum has now been reduced to that of the effective Hamiltonian H eff (z):
where the effective Hamiltonian H eff (z) is represented by a N × N matrix, and I N is the identity matrix of dimension N . Note that in general the eigenvalue equation of the effective Hamiltonian has more than N solutions because of the eigenvalue dependence of the effective Hamiltonian H eff (z).
46,49,55
The eigenvalue z j of Eq. (13) corresponds to the eigenket P |φ j of the effective Hamiltonian, which satisfies Eq. (10) . From the P -component we obtain the corresponding Qcomponent by applying (9) , and thus we have the eigenket of the total Hamiltonian as |φ j = P |φ j + Q|φ j .
Similarly, the P -component of the eigenbra φ j |P with an eigenvalue z j is a solution of the equation,
From the P -component we obtain the corresponding Q-component as,
and the eigenbra of the total Hamiltonian is given by φ j | = φ j |P + φ j |Q. In summary, we can reduce the complex eigenvalue problem of the Hamiltonian in the discrete sector of the spectrum to that of the effective Hamiltonian. The eigenvalue equation of the effective Hamiltonian is non-linear in the sense that the effective Hamiltonian depends on the eigenvalue.
III. EXCEPTIONAL POINT
An exceptional point is a branch point of eigenvalues in the parameter space where not only the eigenvalues but also the eigenstates coalesce. We denote the set of parameters by κ, and write the parameter dependence of the Hamiltonian and the effective Hamiltonian as H(κ) and H eff (κ; z), respectively. Let z 0 ≡ z(κ 0 ) denote the eigenvalue at an exceptional point κ = κ 0 that bifurcates into z ± (κ) for κ = κ 0 . The bifurcated eigenvalues and eigenvectors can be written as (B9)-(B11) in terms of square root power expansions with respect to a real parameter ǫ that measures the deviation from the exceptional point along a curve κ(ǫ) in the parameter space 19 ; κ(0) = κ 0 and the Hamiltonian is given by (B1) in the vicinity of the exceptional point ǫ = 0. For details of this fractional power series, called the Puiseux series, 18, 19, 58, 59 see Appendix B. Thus z 0 (κ 0 ) is a double solution of Eq. (13) at the exceptional point, and the non-analytic dependence of eigenvalues on the parameter ǫ distinguishes the exceptional point from a diabolic point, where eigenvalues are degenerate in the usual sense and the corresponding eigenvectors remain linearly independent of each other.
In general, two eigenstates with different eigenvalues are orthogonal to each other,
where |φ ± (κ) ( φ ± (κ)|) are eigenkets (eigenbras) of the Hamiltonian H(κ) with corresponding eigenvalues z ± (κ) for κ = κ 0 . The inner product is continuous with respect to parameters, hence by taking the continuous limit of Eq. (16) to the exceptional point
where |φ 0 (κ 0 ) ( φ 0 (κ 0 )|) is the coalesced eigenket (eigenbra) of the Hamiltonian H(κ 0 ) at the exceptional point κ = κ 0 . This property is called self-orthogonality. 6, 7 In other words, the eigenvectors cannot be normalized at an exceptional point in the usual way. Hence, the self-orthogonality (17) is a necessary condition for a state to bifurcate into two eigenstates under a perturbation. Conversely, if the norm of a state does not vanish, the state cannot bifurcate, as shown in Appendix B. Note also that self-orthogonality (17) can never occur for an eigenstate of a Hermitian Hamiltonian within the Hilbert space, because the Hermitian conjugate of a right eigenvector |φ j in the Hilbert space is the same as the left eigenvector, i.e. φ j | = φ j |, and by definition a vector in the Hilbert space has a non-vanishing finite norm.
The relation (17) can be written as
at κ = κ 0 and the parameter dependence is henceforth omitted. In the first equality of (18) use has been made of the relations (9) and (15), and Σ ′ (z) is the derivative of the self-energy operator with respect to z,
The relation (18) shows that the norm of the P -components and that of the Q-components exactly cancel with each other at an exceptional point. Note that when the P -subspace is one-dimensional (N = 1), Eq. (18) reduces to Σ ′ (z 0 ) = 1, which is identical to Eq. (6) in Ref. 59 .
On the other hand, although two eigenstates of the total Hamiltonian with different eigenvalues are orthogonal to each other, the corresponding eigenstates of the effective Hamiltonian are not in general orthogonal to each other,
where z j = z l . We can see this fact from the relation
which follows from taking the difference of two equations (10) and (14) for the eigenvectors with z l and z j , respectively. Therefore the eigenstates of the effective Hamiltonian cannot form an orthogonal basis in the P -subspace, and diagonalization of the effective Hamiltonian does not make sense in the usual way. 56 Moreover, as we will show later, in order to obtain the pseudo-eigenvectors involved in the Jordan basis at an exceptional point for N ≥ 2, the eigenvalue problem of the effective Hamiltonian should be generalized to that given by Eq. (35) , where the eigenvalue in the effective Hamiltonian matrix is fixed at the coalesced eigenvalue z 0 .
In the special case that the eigenvalue equation of the effective Hamiltonian can be formulated as a quadratic eigenvalue problem, it can be linearized exactly by doubling the dimension of the matrix to be diagonalized. [46] [47] [48] The resulting generalized eigenvalue equation has the form (A − λB)|Ψ = 0, where A and B are matrices both independent of the eigenvalue λ. The eigenvalue of the effective Hamiltonian z is a function of λ, e.g. z = −b(λ+λ −1 ) in the case that the continuum is given by the one-dimensional tight-binding model, 46 where b is the transfer integral. Moreover, the matrix B −1 A, not the effective Hamiltonian itself, is represented by a matrix containing a Jordan block at an exceptional point. 49 Further, note that any polynomial eigenvalue problem can be linearized in the sense that any polynomial is a characteristic polynomial of a matrix, e.g. the Frobenius companion matrix. 29 Nonetheless, the matrices employed in such linearized eigenvalue problems have no simple relation to the original Hamiltonian. Furthermore, in the case that the eigenvalue equation of the effective Hamiltonian is non-polynomial, its linearization may require much more sophisticated manipulation.
IV. JORDAN BLOCK AT AN EXCEPTIONAL POINT
At an exceptional point two eigenstates collapse into one, and the coalesced eigenvector is supplemented by an associated vector, called the pseudo-eigenvector, to span a twodimensional subspace, called the generalized eigenspace. In the generalized eigenspace the Hamiltonian is represented by a Jordan block with the Jordan basis consisting of the eigenvectors and the pseudo-eigenvectors. [20] [21] [22] [23] [28] [29] [30] 32 In this section, we assume that the system is at the exceptional point (κ = κ 0 in the notation of the previous section) with a coalesced eigenvalue z 0 , and show on the basis of the Brillouin-Wigner-Feshbach formalism how to construct the Jordan basis. The generalized eigenspace associated with the eigenvalue z 0 is a subspace in which (H − z 0 ) is nilpotent; in the here treated case of two eigenstate coalescence, (H − z 0 ) 2 = 0 in the subspace. The Jordan basis in the generalized eigenspace consists of the eigenvectors |φ 0 , φ 0 | and the pseudo-eigenvectors |φ
, φ (1) 0 |, which satisfy the relations,
(H − z 0 )|φ
where c( = 0) is a constant complex number that can be chosen at one's convenience. These relations are called the Jordan chain. As will be demonstrated in Sec. IV D, we can impose biorthonormality conditions on the eigenvectors and pseudo-eigenvectors, in addition to the self-orthogonality of the eigenvectors (17) , in order to make them satisfy
This relation implies that the eigenvectors and pseudo-eigenvectors form a biorthonormal basis in the generalized eigenspace. With this basis the Hamiltonian is represented by a Jordan block as
The arbitrariness of the off-diagonal matrix element c of the Jordan block comes from the fact that the coalesced eigenvectors are self-orthogonal and cannot be normalized in the usual manner. However, the physical quantities cannot depend on the value of c, because c is not included in the original Hamiltonian. This fact can be proved as follows 
where P 0 is the projection operator onto the subspace spanned by the Jordan basis vectors. See also (52) and (53) for "normalization" of coalescing eigenvectors.
Let us now assume we have already solved the eigenvalue equations, (22a) and (23a) in the manner presented in Sec. II, and obtained the exceptional point for which the energy eigenvalues coalesce at z 0 , and also the eigenvectors with the eigenvalue z 0 . With this assumption, in the following we solve Eqs. (22b) and (23b) for the pseudo-eigenvectors. In Sec. IV A the Brillouin-Wigner-Feshbach projection method is applied to find the equations for the P -components of the pseudo-eigenvectors. We next show that the equations have a solution in Sec. IV B for N = 1 and in Sec. IV C for N ≥ 2. Finally, in Sec. IV D we show that the biorthonormality condition (24) can be satisfied. In Appendix A, we illustrate with simple examples the process to obtain the pseudo-eigenvectors at an exceptional point.
A. Equations for the P -components of the pseudo-eigenvectors
Applying the projection operators to (22b), we obtain a set of equations for the P -and Q-components of the pseudo-eigenket:
QV P |φ
From the second equation (27b), we have
Substituting (28) into (27a), we obtain
where use has been made of the relation (9) in the second equality. Similarly, the equation for the P -component of the pseudo-eigenbra is given by
where use has been made of the relation (15) in the second equality. The Q-component of the pseudo-eigenbra is given in terms of the P -component of the pseudo-eigenbra and the Q-component of the eigenbra as,
B. Case of one-dimensional P -subspace (N = 1)
In this case, there is only a single state |a in the P -subspace with a|a = 1 and the projection operator is given by P = |a a|.
Then, an operator in the P -subspace reduces to a scalar: e.g. we can identify H eff (z) with the single element a|H eff (z)|a . Hence, the eigenvalue equation (13) reduces to a scalar equation,
At the exceptional point Eq. (33) has a double solution z = z 0 , and (18) implies that
Therefore (29) and (30) are trivially satisfied, because the multiplication factors on both sides of each equation vanish.
In the equations (29) and (30) for the P -components of the pseudo-eigenvectors associated with the coalesced eigenvalue z 0 , the effective Hamiltonian H eff (z 0 ) ≡ H eff (κ 0 ; z 0 (κ 0 )) is represented by a constant N × N matrix with its eigenvalue dependence fixed at z 0 . Therefore, now we consider the linear eigenvalue problem of the matrix H eff (z 0 ):
where |ψ j and ψ j | are the right-and left-eigenvectors with an eigenvalue z j . The eigenvalues z j are solutions of the equation with respect to z given by
which is different from the non-linear eigenvalue equation (13) giving the physical discrete eigenvalues of the total Hamiltonian. While one of the solutions of Eq. (36) is the eigenvalue z 0 of the total Hamiltonian with the eigenvectors given by the P -components of those of the total Hamiltonian, |ψ 0 ∝ P |φ 0 and ψ 0 | ∝ φ 0 |P , other solutions of Eq. (36) are not eigenvalues of the total Hamiltonian. In other words, z 0 is in general a single solution of Eq. (36), while it is a double solution of Eq. (13) . For an example on this point, see Appendix A 2. Note that ψ 0 |ψ 0 ∝ φ 0 |P |φ 0 = 0, while φ 0 |φ 0 = 0 (see (17) ). Meanwhile, we are not aware of any model for which z 0 is, by accident, a multiple solution of Eq. (36). It is perhaps possible that no such physical model exists. Therefore, although we have not been able to rule out this possibility, we restrict ourselves to the case of z 0 being a single solution of Eq. (36) .
Because of this restriction, the eigenspace with the eigenvalue z 0 of the effective Hamiltonian, which is the kernel of the operator H eff (z 0 )−z 0 P in the P -subspace, is one-dimensional. In the orthogonal complement of this eigenspace, which is an (N − 1)-dimensional subspace invariant under the linear transformation H eff (z 0 ), the operator H eff (z 0 ) − z 0 P has an inverse, which we denote by (H eff (z 0 ) − z 0 P ) −1 ⊥ . Finally, let us now obtain the solution of (29) . According to (18) , the inner product of the right hand side of (29) with φ 0 |P vanishes, and thus the ket-vector on the right hand side of (29) is in the orthogonal complement of the eigenspace with the eigenvalue z 0 . Hence Eq. (29) for the P -component of the pseudo-eigenket has a solution, P |φ
where the constant α is arbitrary, because the term including α vanishes when substituted into the left-hand side of Eq. (29) . In a similar manner, we obtain the P -component of the pseudo-eigenbra as
whereα is an arbitrary constant. An alternative expression for the P -component of the pseudo-eigenvectors is given in Appendix C.
D. Biorthonormality of the Jordan basis
In the previous subsections we obtained the P -components of the pseudo-eigenvectors. By making use of (28) and (31) we can obtain the Q-components of the pseudo-eigenvectors as well. Thus we have a dual pair of eigenvectors and pseudo-eigenvectors that satisfies Eqs. (22a)-(23b). Now let us modify the eigenvectors and the pseudo-eigenvectors such that they will satisfy the biorthonormality relations (24) . The self-orthogonality of the eigenvectors, φ 0 |φ 0 = 0, is always true at an exceptional point, but the self-orthogonality of the pseudo-eigenvectors, φ (1) 0 |φ
(1) 0 = 0, is not automatically satisfied. From (22b) and (23b) it follows that
but the value of the inner products φ (1) 0 |φ 0 = φ 0 |φ
are not necessarily unity. On the other hand, the pseudo-eigenvectors satisfying (22b) and (23b) are indefinite with regard to the components consisting of the eigenvectors, as indicated by the terms multiplied by the arbitrary constants in (37) and (38) . In addition, an overall multiplication factor can be applied to both |φ 0 and |φ 
then the modified (pseudo-)eigenbras new φ 0 |, new φ (1) 0 | and the (pseudo-)eigenkets |φ 0 , |φ
satisfy all of the relations (22a)- (24).
V. EXTENDED JORDAN BLOCK BASIS
The Jordan block is usually introduced only when a matrix cannot be diagonalized. In that case, the pseudo-eigenvector compensates for the defect in the spectrum caused by the coalescence of eigenvectors at the exceptional point. However, the physical quantities behave continuously at the exceptional point, and it is favorable to represent the Hamiltonian in a manner where the exceptional point is not treated as a singular point. For this reason, Hashimoto et al. 40 introduced an extended Jordan block representation for the generator of time evolution away from the exceptional point that connects continuously to the Jordan block at the exceptional point. Specifically, in Ref. 40 the authors considered the Liouvillian dynamics of the density operator and encountered a situation where the eigenvalue dependence of the effective Liouvillian can be neglected, and hence the effective Liouvillian takes Jordan form at an exceptional point.
In this section we introduce an extended Jordan basis consisting of those eigenstates of the total Hamiltonian in the dual extended Hilbert space that coalesce at the exceptional point, and demonstrate how the extended Jordan block connects continuously to the Jordan block at the exceptional point. Whereas here we formally treat this extended Jordan basis in the whole space, in order to actually apply the formalism presented in this section we have to rely on some method to obtain the eigenvectors of the total Hamiltonian, e.g. the BrillouinWigner-Feshbach method. We show in Appendix D also how to obtain the extended Jordan basis within the Brillouin-Wigner-Feshbach formalism.
Let z + and z − be two non-degenerate discrete eigenvalues of the Hamiltonian that coalesce into an eigenvalue z 0 at an exceptional point. We consider a two dimensional subspace spanned by the eigenvectors |φ + , φ + | with the eigenvalue z + and |φ − , φ − | with z − . We introduce extended pseudo-eigenvectors |φ (1) − and φ (1) + | in terms of |φ + , φ + |, |φ − , and φ − | as
where c is an arbitrary non-zero constant. The eigenvectors and the extended pseudoeigenvectors satisfy the following relations:
(H − z − )|φ
Thus the Hamiltonian is represented by an extended Jordan block in the two dimensional subspace:
Note that here the normalization of the eigenvectors, i.e. φ + |φ + and φ − |φ − , is arbitrary, because the eigenvectors φ + | and |φ − are not used as biorthonormal basis vectors in this representation. Note also that the physical quantities do not depend on the value of c, which can be proved in a similar manner as described in the paragraph including Eq. (26) . In order to examine the behavior of the extended pseudo-eigenvectors (42) and (43) when the system approaches the exceptional point, we rewrite them as
If the two eigenvalues became degenerate in the usual sense, the second term on the right hand side of each of (48) and (49) would diverge. This is because z + − z − → 0 but φ ± |φ ± does not vanish at the degeneracy point. Hence, the diabolic point, where the usual degeneracy of the eigenvalue occurs, is a singular point of the extended Jordan form. On the other hand, at an exceptional point the norm of the eigenstate vanishes [the self-orthogonality, see (17) ], and as a result the two singularities in each of the second terms of (48) and (49) cancel each other. Consequently, the pseudo-eigenvectors of the extended Jordan basis converge to the pseudo-eigenvectors of the Jordan form exactly at the exceptional point, as we show below. By making use of the Puiseux series expansions for the eigenvalues and the eigenvectors (see Appendix B), which describe how the eigenstate at an exceptional point bifurcates into two eigenstates, we can show that the following limits exist:
where ǫ measures the deviation away from the exceptional point in the parameter space [see (B1)], and that the eigenvectors can be "normalized" so that
These formulae can be derived by making use of (B9)-(B11) and noting that z + − z − ∝ √ ǫ. The two eigenstates coalesce at the exceptional point as
where |φ 0 and φ 0 | are the eigenvectors at the exceptional point. Under the limiting behaviors (50)-(53), the extended pseudo-eigenvectors, (48) and (49), converge to the following limits at the exceptional point:
By taking the limit (ǫ → 0) to the exceptional point in (44a)- (46), we obtain (22a)- (24) . Therefore the Jordan basis at the exceptional point has been obtained as a limit of the extended Jordan basis away from the exceptional point. This fact implies that the observable quantities change smoothly when passing through the exceptional point.
VI. CONCLUDING REMARKS
The implicit non-Hermiticity of open quantum systems has recently attracted much interest. However, non-Hermitian components are often introduced phenomenologically without fully taking account of their origin. Precisely speaking, the Hamiltonian for an open quantum system is Hermitian in the Hilbert space; nonetheless, it may have eigenstates with complex eigenvalues outside of the Hilbert space, and then it can be represented by a nonHermitian matrix in the extended Hilbert space. Moreover, this representation gives us important physical information such as the decay rate of an unstable state, determined as the imaginary part of a complex eigenvalue.
In this paper we have shown that the total Hamiltonian for an open quantum system at an exceptional point is represented by a Jordan block in a subspace spanned by basis vectors that reside outside of the Hilbert space. We described how to obtain a Jordan basis that consists of dual eigenvectors and associated dual pseudo-eigenvectors with use of the Brillouin-Wigner-Feshbach formalism. In this approach the complex eigenvalue problem of the total Hamiltonian is reduced to that of the effective Hamiltonian, which depends on the eigenvalue itself. Because of the eigenvalue dependence, a coalescence of eigenvalues results in the coalescence of both the corresponding eigenvectors of the effective Hamiltonian and those of the total Hamiltonian, although the effective Hamiltonian does not have a Jordan block in contrast to the case of a phenomenological effective Hamiltonian. Our method allows us to write the Jordan block of the total Hamiltonian without introducing any phenomenological argument or approximation
We then showed that the Jordan block at an exceptional point can be obtained by taking the appropriate limit of an extended Jordan block basis that can be written away from an exceptional point in a subspace spanned by two eigenstates that bifurcate from the coalesced eigenstate at the exceptional point. This is an extension of the formalism introduced in Ref. 40 for finite dimensional matrices to the case of operators in an extended Hilbert space, fully incorporating the continuum. An insight gained from the study of the extended Jordan basis is that the pseudo-eigenvectors are necessary in order to eliminate the divergence due to self-orthogonality of the coalesced eigenvectors in the spectral decomposition.
While in this paper we dealt with the problem in the Hamiltonian formalism for the wave function, we have previously found exceptional points also in the Liouvillian formalism for the density operator, 40, [61] [62] [63] [64] where the effective Liouvillian is conventionally called the collision operator. 44 For related results, see also Ref. [65] [66] [67] [68] . However our studies concerning the exceptional point have so far been restricted to the level of an approximate effective Liouvillian, in which the eigenvalue dependence is neglected. In the future, we aim to investigate the eigenvalue problem of the effective Liouvillian in which the eigenvalue dependence is retained.
The eigenvalue equation of the effective Hamiltonian (33) reduces to the cubic equation
We found an exceptional point at ε a = ε c,1 ≡ −3(πα 2 /4) 2/3 − α 2 , where a pair of real eigenvalues turns into a complex conjugate pair as ε a increases while the other parameters are fixed (see Fig. 2 in Ref. 55 ). The coalesced eigenvalue at the exceptional point is z 0 = −(πα 2 /4) 2/3 . From the P -components, proportional to |a or a|, of the Jordan basis vectors follow the complementary Q-components according to (9) , (15), (28) and (31) . In order for the biorthonormality conditions (24) to be satisfied by the Jordan basis vectors thus obtained, the P -components of them must satisfy the relations,
and φ 0 |a a|φ
where a prime on the selfenergy Σ(z) means differentiation with respect to z, see (19) . For example, a solution of these equations is given by
(A9)
Two discrete states coupled with a continuum
In the second model two discrete states |a and |b couple with the continuum as,
With the projection operator P = |a a| + |b b|, the effective Hamiltonian and the selfenergy are represented by 2 × 2 matrices as,
where c, d ∈ {a, b}. We specify the model in the same manner, and use the same units, as in the previous subsection. Here we set v a (k) and v b (k) to be constants α a and α b , respectively, in the range −k c < k < k c . The components of the self-energy are given by Σ cd (z) = α c α d σ(z) (c, d ∈ {a, b}), where σ(z) is given by (A4). The eigenvalue equation of the effective Hamiltonian (13) is given by
The equation (A13) reduces to the quintic equation
Now we focus our attention on the exceptional point at ε a = −0.099 ≡ε c,1 , ε b = 0.2 and α a = α b = 0.1, where a pair of real eigenvalues turns into a complex conjugate pair as ε a increases while the other parameters are fixed (see Fig. 4 in Ref. 55 ). In Fig. 1 we show the eigenvalues of the 2 × 2 matrices H eff (z + (ε a )) and H eff (z − (ε a )) in the vicinity of the exceptional point, where the eigenvalue in each effective Hamiltonian matrix is fixed at one of the eigenvalues z ± (ε a ) bifurcated from the eigenvalue z 0 ≡ z 0 (ε c,1 ) at the exceptional point. One of the eigenvalues of the matrix At the exceptional point, the 2 × 2 matrix representing the effective Hamiltonian H eff (z 0 ) can be diagonalized, and has two different eigenvalues, z 0 and z × 0 . Hence, there are two linearly independent eigenvectors of H eff (z 0 ). One of them is the P -components of the coalesced eigenvector of the total Hamiltonian with the eigenvalue z 0 : P |φ 0 or φ 0 |P . The other is related to the P -component of the pseudo-eigenvector: Eqs. (37) and (38) can be rewritten in this case as P |φ
and
respectively, where |ψ (9) , (15), (28) and (31) .
Appendix B: Puiseux series
In this Appendix we show that the eigenvalues and the eigenvectors of the Hamiltonian can be expanded in a fractional power series 18, 19, 58, 59 about an exceptional point with respect to a real parameter ǫ, where ǫ measures the deviation away from the exceptional point in the parameter space. This fractional power series is known as the Puiseux series. For this purpose, we write the eigenvalue equation of the Hamiltonian near an exceptional point in the form
where H EP is the Hamiltonian at the exceptional point, and it is assumed that [H EP , H ′ ] = 0. Then, the eigenvector and the eigenvalue are expanded in powers of ǫ away from the exceptional point:
where each quantity with a bar contains a successively increasing power of ǫ. The first terms |φ 0 and z 0 are the coalesced eigenvector and eigenvalue at the exceptional point and satisfy
which is the zero-th order equation in (B1). Moreover, the eigenvector |φ 0 is self-orthogonal with the left-eigenvector φ 0 | having the same eigenvalue z 0 : φ 0 |φ 0 = 0 [see (17) ]. The lowest order equation resulting from the inner product of Eq. (B1) with φ 0 | is given by
where use has been made of the fact that φ 0 |φ 0 = 0. The left-hand side of (B5) is assumed not to vanish, otherwise the eigenstate at ǫ = 0 does not bifurcate under the perturbation. Then, (B5) implies thatz 1 |φ 1 is proportional to ǫ and thus each ofz 1 and |φ 1 has a fractional power of ǫ. Then it follows that the first order equation in (B1) is (H EP − z 0 )|φ 1 =z 1 |φ 0 .
Equation (B6) implies that |φ 1 is a pseudo-eigenvector and that |φ 1 andz 1 have the same power of ǫ. From this fact and Eq. (B5) it follows that |φ 1 andz 1 are both proportional to ǫ 1/2 . Therefore we conclude that the eigenvalues and the eigenvectors are expanded near an exceptional point in a power series with half-integer exponents. Because of the two-valuedness of the square root function, the single eigenstate at the exceptional point bifurcates into two eigenstates as we move away from the exceptional point.
For comparison, let us consider the case that |φ 0 and φ 0 | are the eigenvectors with a non-degenerate eigenvalue z 0 of an unperturbed Hamiltonian H ND representing a system not at an exceptional point. In this case, φ 0 |φ 0 = 0, and we have the lowest order equations for (B1) with H EP replaced by H ND , ǫ φ 0 |H ′ |φ 0 =z 1 φ 0 |φ 0 ,
instead of (B5) and (B6). Hence, each ofz 1 and |φ 1 is proportional to ǫ, and we have the usual integer power expansions with respect to ǫ.
To summarize, the eigenvalues and the eigenvectors are expanded about an exceptional point in the following forms:
where √ ǫ is defined to be √ ǫ > 0 for ǫ > 0 and √ ǫ = i |ǫ| for ǫ < 0.
Appendix C: Alternative expression for the P -component of the pseudo-eigenvectors
In this Appendix we give an expression for the P -components of the pseudo-eigenvectors at an exceptional point alternative to that given in Sec. IV C, i.e. (37) and (38) , in the case of a multi-dimensional P -subspace.
Let z + and z − denote the eigenvalues that bifurcate from z 0 . We take the difference of the two equations for the eigenket (10) for z + and z − , divide it by (z + − z − ), and take the limit to the exceptional point; as a result, we obtain (H eff (z 0 ) − z 0 ) lim ǫ→0 P |φ + − P |φ − z + − z − = (P − Σ ′ (z 0 ))P |φ 0 .
Comparing (29) and (C1), we obtain a solution for the P -component of the pseudo-eigenket as P |φ
where β is an arbitrary constant. In a similar manner, we obtain the P -component of the pseudo-eigenbra as
whereβ is an arbitrary constant. It turns out that the solution in this Appendix can also be obtained by taking the Pcomponents of (56) and (57) . In this Appendix we present a method to obtain the extended pseudo-eigenvectors to represent the Hamiltonian in the extended Jordan block form away from the exceptional point. We assume the eigenvalues and eigenvectors satisfying (44a) and (45a) have already been obtained. In the following we solve the equations for the pseudo-eigenvectors, (44b) and (45b): In Sec. D 1 the Brillouin-Wigner-Feshbach projection method is applied. We next show that the equations have a solution in Sec. D 2 for N = 1 and in Sec. D 3 for N ≥ 2. Finally, in Sec. D 4 we show that the biorthonormality condition (46) can be satisfied.
